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»  Properties of Exponential and Logarithmic Equations ' \"“‘\ A“’ = e

N
Let a be a positive real number such that @ = 1, and let x and y be real numbers. Then the following properties are

frue:
1. g =¢¥ ifandonlyif x =y
2. dogex =log,y ifandonlyil x=y (x>0, y >0}

% Inverse Properties of Exponents and Logarithms -~~~ -~ -

Base a _ Natural Base e
1. log,(a*) =x In(e”) = x
7 qUoge®; o plnx) — 4
» Solving Exponeniial and Logarithmic Equations
1. Tosolve an exponential equation, first isolate the exponential eipression, then take the logarithm of both sides
of the equation and solve for the variable.
2. To solve alogarithmic equation, first isolate the logarithmic expression, then exponentiate both sides of the
equation and solve for the variable
For Instance: If you wish to solve the equation, Inx = Z, vou expenentiale both sides of the equation to soive it
as follows:
Inx =72 Original equation
eli® = ¢? Exponentiate both sides
x=e* Inverse property
Or you'can simply rewrite the Jogarithimic equation in exponential form to solve {le. lnx = 2 fand only if e? = x),
Note: You shouwld aglwavs check your solution in the original equation.
Example 1.
Selve each equation.
a. 4% = 64 b, m(Zx -3 =1In1i1
Soluticn:
a AT =gp4 Criginal Equation b, In(Zx —3) =Inil Original Equation
4FHT 43 Rewrite with like bases . Ix—3 =11 Property of logarithmic equations
x+2=3 Property of exponential equations 2x =14  Add 3 toboth sides
x = Subtract 2 from both sides x=7 Divide both sides by 2
The solution is 1. Check this in the original equation. The solution is 7. Check this in the original equation.

Example 2:

Solve § + e*t = 20,

Solution: Check:
5+ ™" =20 Original Equation . 54 e*7 = 20 Original Equation
g% = 15 Subtract 5 from both sides 54070941 20 Substitute 1,708 for x
Ine*™* =1n15 Take thelogarithm of both sides 5 + 2708 L 20 Simplify
x+1=1In15 Inverse Property 54 14,999 = 20  Solution checks

A4 f rte.oat L 4‘ s Xatal f‘.,ll.,‘.?_:-:..‘L -4 {':.,‘4,{.“1 1._;.‘,1,}‘..: q:.in,‘



Example 3:

Solve the esiponential equations.

a 25 =7 . ' b, 473 =0 e Ze¥ =10
Selutions:
Method 1: . . . Metheod 2:
a 2¥=7 Original Equation a 2X=7 Original Equation
log2* =log7 Takethe logarithm of both sides | log, 2% = log, 7 Take the logarithm of both sides
x{log2) = lc;g 7 Property of Logarithms x=log, 7 Inverse P;‘Gper‘rj | . o
X = iZ;; = 2.807 Solve for x X = iZi; = 2.807 Change of Base Formula
Method 1: ' ' Method 2:
h, 4¥% =g Original Equation b, 4 =9 Criginal Eguation
log 4% = log9 Take the logarithm éf both sides log, 4% = log, 9 Take the logarithm of both sides
{x —3)log4 =log® Property of Logarithms x—3=lng, 9 Inverse Property
x—3= :2;; Divide both sides by log 4 ) | x—3= :z—gz Change of Base Formula
x =342 & 4585 Solve for x ' x=3+28% % 4585 Solve for x

iog 4 log

¢, 2e* =10 Original Equation
et =15 Divide both sides by 2
Ine’ = In5 Take the logarithm of both sides

x =1n5 = 1.609 Inverse Property

Example 4: Example &t
Solve Zlogyx = 5. ' Solve Jlogx = 6.
Solution: ‘ ) Solution:
2lop,x =5 . Original Eguation Glogx =6 Origina} Equation
log, x = 5 Divide hoth sides by 2 logx = 2 Divide both sides by 3
457 = 4 Change to exponential form 10° = Change to exponental form
=32 Simplify x = 1.(}{) Simplify
Example 6: Example 7: Solving a Logartthmic Eguation
Solve 201n 0.2x = 30, using Exponentiation
Solutiom . Solve log, 2x —logy(x —3) =1
20In{¢.2x = 30 Original Equation Sotutom
In(.2x = 1.5 Divide hoth sides by 20 logs 2x —logs{x — 3) = 1 Original Equation
0.2x = ei'.‘g Changé to exponential form log, % =1 CDndeﬂsre the left side
x == 5o = 22,408 Divide both sides by 0.2 o - ‘ R
‘ 2"z = 31 Exponentiate both sides
2x

= 3 Inverse Property

a—3 -
Jx=3x -9 Multiply both sides by x — 3

=0 Splvefor s
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NAME DATE PERIGD

Study Guide
The Number e The Mumbeare

The number e is a special jrrational number with an approximate 1. Bemographics In 1995, the population of Kalamazoo,
value of 2.718 to three devimal places. The formula for exponential Michigan, was 79,089. This figure represented a 9.4% annual
, growth or decay ta IV = Ne™, where N is the fina] amount, N, is the decline from. 1990,

. initial amount, % is a constant, and ¢ is time. The equation 4 = Pe’
where P is the initial amount, 4 is the final amount, r is the annual
interest rale, and ¢ is time in years, ig used for caleulating interest
that is compounded conticucusly.

NAME DATE RFERIOD

Practice

a. Lett be the number of years since 1995 and write a function
that models the population in Kalamazgoe in 1985,

B. Predict the population in 2010 and 2015, Assume a sleady

Example T Demographics The population of Dubugue, rate of decline. '
MMM% Mﬂmmwﬂuwwmmﬂhm mh.mw_wmﬂcﬁﬁa_”\nmwmmﬁqmwmp 1997 2. Biology Suppose a certain type of bacteria reproduces
- Hh.w ‘ W ﬁ_ wuv_u & nios wwww a aceording fo the model P{z) = 100e°27™, whare ¢ ie time in hours.
# L1 he Lae nmber o %om,.n.m Sinee 'C an : a. At what rate does this type of bacteria reproduce?
write a function to model the population. -
b. Suppose that the rate of decline remains
steady at 0.4%. Find the projected population b. What was the initial number of bacteria?

of Dubugue in 2010,

a. y = ne¥
y = 87,806e~000  n = 87,806 k = —0.004

b. In 2010, it will have been 2010 ~ 1898 or 12 years . )
since the initial population figure. Thus, ¢ = 12, ‘
v = BT B0Ge 000 ’ )
y = 8780627000408 £ = 73
¥ =~ 83690.86581 Use a calculator

(Given a population of 87,806 in 1998 and a steady
rate of decline of 0.4%, the population of Dubugue,

¢. Find the number of bacteria at P(5), P(10), P(24), and P(72).
Round to the nearsst whole number.

I

it

Towa, will he approximately 83 691 in 201C, 8. Finarce Suppose Karyn deposits $1500 W.w 8 savings account
24 ¥ that earns 6.75% intevest corpennded continuously. She plans to
Sxample 2 Fingnoe Compare the balance affer 10 vears withdraw the money in & years to make a $2500 down payment
- : ¢ 5 SEGUO Tnvess o t oarning §.5% inters .,w . on a car, Will there be sncugh funds in Baryn's sceount in
of 2 §5000 inveshment earainy &.8% tateres B years to meet her goal?
sompponnded continwously to the samea -

investment componnded guarterly.
In hoth cases, P = 8000, r = (085, and ¢ = 1. When

5V IICT

the interest is compounded quarterly, n = 4. Uge a
caleudator to evaluate each expression.

; 4, Banking Oiven the original principal, the annual interest
Continnously Quarterly rate, %m.mmS:Eyn of tine .wew mmwr H,:,‘Mﬁ..dms# and the type of
A= Fert A =Pl - £ componnded intereot, find the ameunt at the end of the
A = F0e R s 0 10 investnisnt.

A = 11,608.23 A= mmoc? Ty £ | a. P = $1260, r = B.6%, { = ¥ years, semiannuaily
A= 11,504.50
You would earn $11,688.28 — $11,594.52 = 5105.71 more T TE, = 8,28%, L = & years 3 months, continuously

by choosing the aceount that compounds contirmzounasly.

© Glensos/MoGraw
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NANME DATE PERICO

Study Guide
Common Logarithms

Logarithms with base 10 are ealled common logarithnms.

The change of base formula, log, n= “”mﬁ_ where g, 8, and n
f

are pesitive numbers and neither ¢ nor b is 1, allows you ko
evaluate logarithms in other hases with 2 calgulator.
Logarithms can be used to solve exponential equations.

Exampie 1 Tvaluate each sxpression.
a. log B(3)?

log B(8)* ="log 8 + 2 log 2 logab =loga+logh log b =rnlogb
09031 + 2(0.4771)  Use a caleulator.

4.9031 + 0.9542

1.8573

4

4

#

b. log #&
158

_om ou =3log 16 — log 7 log & b= loga —logh loga™ =mloga
= 3(1.1761) — 0.8451 Use a calculator
~ 3.5283 — 0.B45]

== 23,6832

Exampis 2 TFind the value of log, 2037 using the change of
base formula,

_ log,, 2037 en
logy 2037 = “girg—  log,n=pd
e 5.3080 - . )
0.6051 [Jse a ecalculator
= 3,6641

Exarnpie 3 Solve 7% = 83

log T =log 83  Tike the logarithm of each side.
Zx log 7 = log 93 mom@ m¢ =p - log m

log 93

Doy 2 ide 2 sidde by lom
B = g Divide zoch side by log 7.
2= 20208 Use w caloulaion

© GlencaeMcGraw
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HNAME OATE PERICD

Practice
ﬁ@EEOﬂ Logarithms
Given that log 3 = 04771, log § = 0.6980, and log 2 = 0.5542,

evaluate each logarithm.

L. log 300,000 2. log 0.0005 3. log 9000

4. log 27 5. log 78 G. log 81

Evalisate each expression,
7. log 66.3 8. log 12 9. log 7(4%)

Find the value of each logarithm using the change of base formula.
19. log, 832 11, log,, 47 12. log, 9

Solve each equation or _.ann_cm:.?
13. 8% =10 i4. 2.4 =20 15. 1855 =108

18 3% = g5

port
=
B
15
S
W
o
@

18, mmn = o4

. Seismology The inlensity of a L.Ec; wave {rom an earthyuake
is given by the formula R = log, + w ,whare B is 5.5 magnitude, I'is

ntensity per wiic

HVE ENALEY, &

of gren far the following earthous ‘:3
s, Morthridge, Californiza, in 1994

Lo

neRsure _V» ¥

. Hector Mine, California, in 1998, 2 = 7.1
- I

FHlE A Advaiiced fat
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NAME : DaTE PERIOD

Study Guide

Modeting Real-World Dota with
2xponentiol and Logarithmic Functions

The doubling time, or amount of time : required for a
guantity modeled by the exponential equation N = N g% 1o

o
double, is given by ¢t = P.Fh.

Example  Finamnce Tara’s parents invested $5000 in an
account that earns 11.5% compounded
continuousty. They would like to double their
investment in § years o help finance Tara’s
college education.

8. Will the initial investment of $5000 double
within § vears?

Find the doubling time for the investment. For
continuously compounded interest, the constant k is
the intereit rate written as a mmﬂgﬁ

B1iE “ The decimal for 11.5% is 0.115.
~ §.03 years  Use ¢ calculator

Five years i& not enough time for the initial
investment 1o douhle.

b. What intérest xate is required for an
investment with continvgnsly compeonnded
interest to donkle in § years?

= n2
t= I3
= A2
5=
Y= A Tuka the reciprocal of each side
R ke the reciprocal of each side.
h_wgmb =k Multiply each side by [n 2 to solve for k.
0.1386 =~ %
An interest rate of 13.9% is required for an
investment wit Lineot
i t Lo dou in B years

@ Glencue/McGraw-

risae o) Clorwepls

NAME DATE PERIOD A
Fractice

ZQ&@?@ Real-World Diata with
Exponential and Logarithmic Functlons

Find the amount of ime required for an amount to double at the
given rate if the interest is compounded continuously,

1. 476% 2, 6.25%

3. 5.126% 4. 7.1%

5. City Planning AL a recent town council meeting, proponents of
increased spending claimed that spending should be doubled
hecause the population of the eity would double over the next
three years. Population statistics for the city indicate that
pepulation is growing at the rate of 16.5% per year. [s the elaim
that the population will double in three years correct? Explain,

6. Conservation A wildlife conservation grong released 14 black !
bears into a protected area. Their goal is to double the population ;
of black bears every 4 years for the next 12 years. h
a, Hthey are to meet their gosl at the end of the first four years,
what should be the yearly rate of inerease in population?

. mﬂwuomw thé group meets its goal. What will be the minimum

rmaber of biack bears in the protected arca in 12 years?

. What type of model would best represent such dataf !

& Glencoe/MeGraw- Advanced Matharmalicg! Solcepts



Practice Problems

Solve the following equations:
Remember that the arguments of ajl togarithms must be greater than 0. Also exponentials in the form of a*

wil} be greater than 0. Be sure to check all your answers in the original equation.

1 3t =31 ; 2237 =81
2. 8 =4 23.logzx =5
3. e¥ =5  24.dog.x =3
4, —14 +3e* =11 25.1og, 2x = log, 100
5 —6+In3x =0 26.n(x+4)y=In7
6. log(3x+ 1) =2 : 27.0og;Cx+1) =12
7. mx—In3 =4 28.logs{x — 10} = 2
8. 2In3x = 4 | 29.3% = 500
9, 5%*2 =4 ' 30.8% = 1000
10.In(x +2)* =6 ' 3L.Inx = 7.25
11.473% = 0.25 | | 32.Inx = —0.5

12, 2¢% — 5e* ~3 =0 | 33,2605 = 45
13.1o0g, 3 + log, x = log; 32 34, 10{)_6"0'61' =20
14, 2logg 4x = 0 | 35.12{1 —4%) =18
15, logy x 4+ logy(x — 3) = 2 36.25(1 —~ ety =12
16.1og, (x + 5) — log,(x —~2) = 3 37.log 2x = 1.5
17.41n(2x + 3) = 11  38.og, 2x = —0.65
18.logx —log6 = 2log4 | 39.%10g2x+5:7
19.2% = 64 40. 4loge(x + 1) = 4.8
20.5% = 25 41.log, x +10g,3 =3

g 1 o
2.1-.4JL =T - ) 4-Z.erog4x~#log4(x%1)=l






